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Abstract 



Reparametrization invariant Lagrangian theories with higher derivatives are considered. We investigate 
the geometric structures behind these theories and construct the Hamiltonian formalism in a geometric way. 
The Legendre transformation which corresponds to the transition from the Lagrangian formalism to the 
Hamiltonian formalism is non-trivial in this case. The resulting phase bundle, i.e. the image of the Legendre 
transformation, is a submanifold of some cotangent bundle. We show that in our construction it is always 
odd-dimensional. Therefore the canonical symplectic two-form from the ambient cotangent bundle generates 
on the phase bundle a field of the null-directions of its restriction. It is shown that the integral lines of this 
field project directly to the extremals of the action on the configuration manifold. Therefore this naturally 
arising field is what is called the Hamilton field. We also express the corresponding Hamilton equations 
' through the generilized Nambu bracket. 

> 

cn 

• 1 Introduction 

^ ■ In the Lagrangian formalism dynamical systems can be conditionally divided into the following classes: 
P/-, ' 1. non-degenerate, i.e. with det I — — — - I 



(a) L^L{x\x'), 

(b) L = L{x\x\x\...); 



^ - 2. degenerate, i.e. with det [ — — - — - | = 

ox^axJ J 



(a) L^L{x\x'), 

(b) L ^ L{x\x\x\...). 



The Hamiltonian formalism for these systems is well-known (see, for example, [TJ [SJ [31 13] ) ■ The Lagrangian and 
the Hamiltonian formalisms have geometric interpretation based on symplectic geometry (see, for example, [S] 
for a treatise on symplectic geometry and ^6] for some modern applications). Nowadays geometric approach in 
mechanics is under active study [H [8] . 

Among all degenerate systems there is a specific case: reparametrization invariant systems. Such a class 
of systems is of interest because reparametrization invariance is a type of gauge invariance which emerges in 
describing relativistic particles or strings. For some interesting ideas on reparametrization invariant field theories 
see [9]. 

Conventional geometric methods of classical mechanics cannot be readily applied to reparametrization invari- 
ant systems. The main problem is as follows. Due to the reparametrization invariance there exists a continuous 
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family of the initial conditions for the Cauchy problem to the Euler-Lagrange equations, every point of the 
family defining the same extremal curve on the configuration manifold. This fact is in some sense a degeneracy. 
One would like this degeneracy to vanish. For this reason we construct some space Vm over every point m of 
the configuration manifold M.. There should be, roughly speaking, a one-to-one correspondence between all 
the extremal curves passing through the point m in M. and all the points in Vm projecting to to. We refer to 
the union V ~ U Vm as the phase bundle. On V therefore there should exist a field, which integral curves 



project to extremal curves of the action on It is called the Hamilton field. A map from the space of the 
initial conditions for the Cauchy problem to V is called the Legendre transformation. The conventional formulae 
for the Legendre transformation (see OH]) do not satisfy our requirement: they do not eliminate the above 
degeneracy. 

In this paper we present well-defined formulae for the Legendre transformation which satisfy the above 
requirement. The Hamilton equations are presented too. All these are obtained via geometric approach. The 
main idea which we use is that every curve has a distinguished parametrization: parametrization by the action 
along the curve. The resulting formulae for the Legendre transformation are obtained in a way which in a sense 
resembles relativistic mechanics. 

In our construction the Hamilton field arises naturally from the geometric properties of V as the null-direction 
field of the symplectic two-form. The formulae for it are expressed using the generalized Nambu bracket (for 
information on the Nambu brackets see [TUIITT] V 

Our paper is organized as follows. In Section[2]we discuss the reparametrization invariance. To familiarize the 
reader with the construction, in Section [3] we discuss the simplest and well-known case (which is also described, 
for example, in [12]) of the systems with the first derivatives. Then, in Section [H the general construction is 
represented. After this we outline the construction in detail for systems with the second derivatives in Section 
O Section [5] is somewhat stand-alone: it gives the description of the relation between the symplectic form 
null-vectors and the generalized Nambu bracket used in previous sections. We also provide a set of explicit 
examples. 

2 Reparametrization invariant systems 

In this section we discuss general properties of reparametrization invariant systems. We start with the standard 
case of Lagrangians depending on the first derivatives only. Then we describe the general situation. 

2.1 Reparametrization invariant systems with the first derivatives 

We shall now determine what we imply by "reparametrization invariant Lagrangian system" . 

Consider a differentiable manifold and a function L defined on the tangent bundle to A4, i.e. L : TA4 R. 
We will refer to A4 as the configuration manifold and to L asj^e Lagrange function. Let us denote the manifold 
resulting from exclusion of the null section from TA4 as TM. Then L should be a smooth function on the 
manifold TA4 being continuous on the null section. A4 with L together are called the Lagrangian system. 

Let 7 : [a, 6] ^ be a smooth curve in M. Consider the integral 



where t is the parameter along the curve and 7(i) is the tangent vector to the curve at the point 7(t). This 
integral is called the action on the curve. 

A Lagrangian system is called reparametrization invariant if the action docs not depend on the parametriza- 
tion of the curve, but depends only on the curve as a set in with fixed orientation. In other words, let 
7i : [a, 5] ^ tM, 72 : [c, d] — > A^ be two arbitrary parametrized curves in A4 such that 71(a) = 72(c), 7i(&) = 
72((i), 71 ([a, 6]) — 72 ([a, 6]). That is, 71, 72 are two parametrizations of the same curve in A4 as an oriented 
one-dimensional submanifold. Then, the theory is called reparametrization invariant if for all such curves the 
equality S{ji) = S{'-f2) holds. With a shght abuse of terminology, we will refer to Lagrangians, corresponding 
to reparametrization invariant systems, as reparametrization invariant . 

Note that reparametrization invariant Lagrangians resemble differential one forms in some sense. Indeed, 
the differential one-forms on A4 are just functions on TA4 which can be integrated over curves on A4 with 
integral independent on parametrization. The difference is that the differential one-forms are linear functions if 
restricted onto TmM, while the reparametrization invariant Lagrangians are not. However, we shall see below 
that, being nonlinear, they nevertheless catch one of the properties of linear functions. 
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(2.1) 



a 



2 



Let us find out what restrictions on L does the reparametrization invariance apply. Let 71 : [a, 6] — > be 
a parametrized curve. Fix a smooth monotone increasing function / : [a, h] M. Let its image be a segment 
[c, d\ C K. One can obtain a parametrized curve 72 : [c, d] — > in the following way: ^2{v) = 71 , v e 

[c, d]. That is, 72 is reparametrization of 71 with the function /. Now we write expressions for the action on 
both of the curves: 

b 

SM = J L(^J,{^i),^M^^)^d^^, (2.2) 

a 

d f(b) b 

c f{a) a 

(2.3) 

Because, by construction, the curves 71, 72 coincide as sets in M, i.e. 71 ([a, b]) — 72 ([c, d]), the reparametrization 
invariance condition implies that >S'(7i) = 'S'(72)- Therefore 

6 

L (^71 (m), 1^71 (m)) d^l^JL (^71 (m), ^|;7i(m)) /'^M- (2.4) 

a a 

Because / is an arbitrary function and 71 is an arbitrary curve, we obtain the following relation for the La- 
grangian: 

L{m,v) = aL ^m, — ^ , (2.5) 

for all m G A^, t; G T^M, a > 0. Redefining a as — and writing in coordinates, one obtains 

a 

L{x\av') ^ aL{x\v'), (2.6) 

where are some coordinates on and are coordinates on T^A^, naturally induced from . 

This means that L is a degree-one homogeneous function of velocities. This property can also be written in 
the form of the Euler equality 

^ = "*S- <") 

Therefore in spite of not satisfying one of the conditions of linearity, L{vi +W2) 7^ ^(''^i) + ^(^^2), the Lagrangian 
satisfies the other: Liav) — aL{v). Hence, it turns out that only this condition is really important for the 
one- form to be integrated over a curve. Thus, a reparametrization invariant Lagrangian may be thought of as 
some sort of "nonlinear differential one-form"Q|. 

Example. The most familiar example of the reparametrization invariant Lagrangian is probably given by that of the 
length of the curve in Euclidean space. In two dimensions in coordinates it takes the form 



L = \/i2 +y2. (2.8) 



2.2 Reparametrization invariant systems with higher derivatives 

To define the Lagrangian formalism with higher derivatives we review the notion of the /c-th order tangent 
bundle to a differential manifold first. 

Consider a manifold M and a fixed number A; G N. Fix a point m G A^. Consider all parametrized curves 
on which pass through m. We now define an equivalence relation on them. 

We say that two curves 71 : [a, h] ^ ^A and 72 : [c, d\ — > A^, 71 (/^o) = 72(^0) = are equivalent if in some 
coordinate chart on M all their derivatives of all orders up to the fc-th one coincide in the point m. It is clear 
that this relation is really an equivalence relation and that it does not depend on the chosen coordinate chart. 

^However, the Lagrangians which resemble one-forms most of all, i.e. which have the property L(av) = aL{v) not only for a > 
but also for « < (for example, L = "I" ) i require special consideration: the corresponding Legendre transformation, which 

will be discussed below, does not distinguish orientations of curves. We will not discuss this subject in the present work. 
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The set of equivalence classes of the above relation is called the k-th order tangent space to A4 in the point 
m and is denoted by Tf^M. The spaces T^M taken in all points of M together form the fiber bundle T^M. 

Thus, the phrase "the Lagrangian depends on derivatives up to fc-th order" really means that it is defined 
on T'^M. 

So, we call a Lagrangian systems with k-th derivatives the pair {Ai, L), where the function L : M. — > M is 

smooth on T^M. By T^M wc imply the manifold resulting from exclusion of the null section from T^M. The 
null section of T^J\A is defined simply as the classes of equivalence of curves with all the derivatives vanishing 
in the corresponding points. Note that, however, the space T^Ai is not a vector space for A; > 1 in contrast 
with the case of fc = 1 . 

The action for systems with higher derivatives is defined as: 

b 

S{^) = J L{C^(^t){l))dt, (2.9) 

a 

where C^(t){j) £ T^^^^-^M. is the class of equivalence of the curve 7 in the point ^{t). 

Reparametrization invariant Lagrangian systems with fc-th order derivatives are defined in the same way as 
in the case of the first derivatives. The system (A^, L) is called reparametrization invariant if the action on 
the curve does not depend on its parametrization or, in other words, for every two parametrized curves on AA 
coinciding as oriented one-dimensional submanifolds of Ad the action is the same. 

In the same way as was derived relation (j2.6p for reparametrization invariant Lagrangians with the first 
derivatives, one can obtain similar relations for Lagrangians with higher derivatives. For example, in the case 
of the second derivatives we end up with the relation 

L {x\av\a^w' ^ (3v') = aL {x\v\ w') , (2.10) 

where (x', «*,?«') are coordinates on T^Ai induced naturally from some coordinates a;' on Ai and a > 0, f3 are 
arbitrary constants. The coordinates correspond to the first derivatives, and to the second ones. This 
condition can be rewritten as a set of two equations 

^'^-0- (2.12) 

These conditions are called the Zermelo conditions (see, for example, [13^). 

Note that, as was mentioned, the space T^A4 is not a vector space. Thus, the expression L (a;*, aw*, a^w* + /Sw* 
may seem ill-defined because, generally speaking, in this case the point (x', au*, a^w' -I- might depend on 
the choice of coordinate chart on Ai. Indeed, consider two points ^1, ^2 & T^Ai. Introduce on T^Ai some 
coordinates (w*,u;*) induced from the coordinates on AI. Let ^1, ^2 be expressed in these coordinates as 
{vl,w\), {v2,wl). Then, because T^Ai is not a hnear space, the expression {avl + (iv\,aw\ + Pwl) in general 
define different points in T^A4 for the same ^1, ^2, ct, (3 if different initial coordinate charts on Ai were chosen. 
Surprisingly, one can find out by a direct verification that the expression (a;', aw*, a^w' -I- /3w*) really defines the 
same point in T^Ai for all coordinate charts. Therefore, the expression in the equality ()2.10|) is well-defined. 

Example. The simplest non-degenerate example of reparametrization invariant Lagrangian with the second derivatives 
is 

{xy- ±yf 

^-(±2+2^2)5/2- ^^-^^1 
It is a two-dimensional Euclidean version of the relativistic Lagrangian 



= -r^ ds = ^ dt, (2.14) 

where s is the proper time. This (term in the) Lagrangian is encountered in radiation theory (see [141 1151 [16] ). The 
Lagrangian containing this term, namely the Lagrangian for the relativistic particle with curvature, is also studied in, 
for example, [17] . 
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3 Construction for systems with the first derivatives 



We start with constructing the Hamiltonian formahsm in the simplest case of Lagrangians with the first deriva- 
tives. 

Let us consider the Lagrangian system with the first derivatives. Denote hy x'' , i — l..n, coordinates on M. 
Then coordinates on TA4 and {x^,pi) on T*A4 are naturally induced. 

Define the Legendre transformation £ : TM T*M, where TM is the tangent bundle to M and T*M is 
the cotangent bundle, in the following conventional way: 

£:(x^.')^(.^g). (3.1) 

dL 

Note that ^— transform in the same way as pi under coordinate transformations. Therefore the map is well- 
defined. 

Note that points in TA4 may be thought of as initial conditions for the Cauchy problem to the Euler- 
Lagrange equations. This means that given point in TM determines a unique solution of the Euler-Lagrange 
equation, i.e. a vector in some point of A4 defines a unique extremal of the action passing through this point. 
In the reparametrization invariant case it is obvious that all nonzero vectors which are proportional to each 
other with positive coefficient of proportionality define the same unparametrized oriented curve. 

Denote the image of £ as T'. It is called the phase bundle. As it follows from equality (|2.6p 

i(m, av) ~ aL{m, v), 

the map £ has the same value on each vector {m,av) Va > 0, where m G Al, v G TM. Therefore, d\mV — 
2n — 1. Note that this one-parametric family (m, av) is exactly the above-mentioned set of points which define 
the same extremal curve. 

Due to V being a hyper-surface in T*M (i.e. a, 2n — 1-diniensional submanifold) , it can be defined as a 
solution of the equation <I>(x,p) = 0, where ^{x"^ ,pi) is some smooth function on T*M. ^{x'-jPi) is then called 
a constraint. On T*M as on every cotangent bundle there exists the canonical symplectic non-degenerate two- 
form uj. The restriction of lo to V defines a direction field on V like every non-degenerate differential two- form 
on an odd-dimensional manifold (for more details see Section 32]) ■ If is defined by the equation $ = one 
can write the explicit formula for the integral curve of this field: 

i^ = c^, (3.2) 
opi 

K = -^a^' (3-3) 

where c arbitrarily depends on the curve parameter. We call this system the Hamilton equations. They can be 
rewritten in the following way: 

x' = c{x\^} (3.4) 

Pi^c{p„^}, (3.5) 

where {•, •} is the usual Poisson bracket of functions on the cotangent bundle. 

One can derive the Lagrange equations from the Hamilton equations. Note that $ [ x', (a;*, w') ) = 



and L = Therefore, 



^^^-p- c^*-c - x^ - v'-^^ (3 6) 

dt dv^ * dx^ dvWx^dpj dv^dx^ dv^dx^ 9a;*' 

i.e. the Lagrange equations are satisfied. 

In Section |4] we construct the Legendre transformation and the Hamilton field in the general case of higher 
derivatives. We considered above the construction of the Hamilton field in the case of the first derivatives. For 
better understanding we now consider the construction for the Legendre transformation in this simple case. 
That is, we obtain the conventional formula (|3.ip 



, dL_ 
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in the same way which will be used to obtain the generalization of this formula in the case of higher derivatives. 

Consider a vector v in some point mo G M.. As was mentioned, it defines an extremal curve 7 passing 
through mo. Fix a point e on 7 not far from m,Q. Let c be chosen on the opposite side of 7 to which v 
points (the reason for doing so is shown below). Then in the neighbourhood of mo we define a function a in 
the following way: the value of a on some point m is the value of the action on the unique extremal curve 
which connects e and m. We use here the fact that for two given points on M there locally exist a unique 
extremal curve which connects them. Then we consider the differential of the function a in the point mo. It is 
da-\mo € T^^Ai. We define the Legendre transformation to be 

£ : (m,o, v) 1-^ (mo, d(T\mo) ■ (3-7) 

Here (mo,-;;) £ TM and {nio,da\mo) G T*M. 

To derive formulae in coordinates consider a variation of the action S on the curve 7: 

5S = Si-f + h)- S{-f), (3.8) 

where 7 + ft, is a small deviation from curve 7, h being a curve in the coordinate space M". Let us now 
introduce on 7 and h some parametrization, so that they are functions 7 : [a, 6] — > h : [a,b] ^ M" and 
7(a) = e, 7(6) = mo , h{a) = 0. The condition h{a) = corresponds to varying the only mo end of 7. Now one 
can write 

b 

5S = j (l + h\ f + K^-L (y , f )) dt. (3.9) 

a 

Keeping the first order terms in h, h we will have 

b 

SS = J (^ft^H (f (i) ,7' it)) + ft^g (f (t) ,7^ (0)) dt, (3.10) 

a 

where, as it was mentioned, (a;',t;') are coordinates on TA4. Integrating the second term in the integrand by 
parts one obtains 

b ^ 

= (h' it) ^ (y (i) ,y (t))) [ + / [h^ it) ^ (y (i) ,7^ it)) - it) m (y (o ,f it))) dt = 

a 

b ^ 

= {h'it)^h'it),¥it)))\^ + 1 [^{iHt),¥it))-j^^{i^t),fit))yHt)dt. (3.11) 

a 

dL d dL 

Recall now that the expression ——r (7* (<) ,7* {t)) — -r-^ (7* it) )7* it)), which has the form of the left hand 

(J Jb (XJj \J U 

side of the Euler-Lagrange equation, vanishes for all t since 7 is an extremal of the action. Also note that, 
because /i(a) = 0, only one boundary term contributes. Therefore we finally have 

55 = /i^(6) — (y(&),y(b)). (3.12) 



Hence, due to the definition of a we have 



daU = ^A'r'ib)^fib))dx\ (3.13) 



As was mentioned, the functions are constant on all points in T„i„Ai defining the same extremal curve. The 



dL_ 

curve 7 was defined as an extremal curve corresponding to the vector v, that is in arbitrary parametrization 
the following holds: 

7 (6)= at; (3.14) 
for some positive a. a is positive because e was chosen on the side of 7 opposite to which v points. Therefore, 

Q^A¥(b),fib)) = — {xlvl,), (3.15) 
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where (xg, Vq) are the coordinates of the point (mo, v) e TA4. Hence one finally obtains 

dL 

d(j\^„ ^ {xl,vl) dx\ (3.16) 
Therefore, the formula for the Legendre transformation takes in coordinates the expected form p.ip : 

Example. Let us consider the above construction for the mentioned Lagrangian 



L = + 2)^ (3.17) 

on the plane = M. We work in the notation introduced in this chapter. 

In this example the formula for the differential of a can be obtained directly, without studying the variation of 
action. Let for simplicity the point mo be the origin. Let the vector v have the coordinates (v^Oy'Vyo)- The extremal 
corresponding to the vector v is the straight line 7 in passing through the origin in the direction pointed by v. Let 
the point e have coordinates (a;o,j/o). The point e should lie on the ray of 7 opposite to the direction of v. We have 
— = and the proportionality coefficient between (a;o, j/o) and {vxO,Vyo) has a negative value. Because the action on 
the curve in this case is simply its length, and the extremals are just straight lines, the function o is written as 

a {x, y) = \l{x-xof + {y-yo?. (3.18) 
Therefore its differential in the point mo, the origin of coordinates, is expressed as 

Mo = ,T „ dx , f ° dy = dx+ '"^ =dy = ^ {va:,Vy)dx+^ {vx,Vy)dy. (3.19) 

Thus, the formula for the Legendre transformation takes the form 

£,{x,y,Vx,Vy) = {x,y, ^ {x,y,Vx,Vy) , ^ {x,y,Va:,Vy)) (3.20) 

as was expected. 

Due to the Legendre transformation being defined by 



(x,y,Vx,Vy)^^ \x,y,^==,^==] , (3.21) 

its image is defined by the equation pi + Py = 1, i.e. the constraint takes the form <1> = + — 1. The Hamilton 
equations have the form 

x = 2cpx, (3.22) 

y^2cpy, (3.23) 

p. = 0, (3.24) 

Py = 0, (3.25) 

(3.26) 

i.e. solutions of them are all possible lines on the plane, as was expected. 

4 General construction 

4.1 Legendre transformation 

In this section we consider the general case of the Lagrangian systems with fc-th order derivatives. We are going 
to define the Legendre transformation, a map £ : T^''~^M T*T^~^M.. 

Let m2 be a point in T'^'^~^M.. Because for systems with fc-th order derivatives the Euler-Lagrange equations 
are of order 2fc, the space T^~^M in some point m G M can be understood as the space of the Cauchy data for 
the Euler-Lagrange equations in this point. Therefore there is a unique extremal curve 7 on which can be 
lifted to T^'^~^M to pass through TO2 ("lifting" a curve to the tangent bundle of some order means introducing 
a parametrization on that curve and then mapping it to its derivatives with respect to this parametrization). 



7 



Note that on every curve we have one distinguished parametrization - parametrization by the action along that 
curv^ This very fact will be the core one in the construction. 

Consider this natural action parametrization on 7. It gives us a lift of 7 to T^-^M. Note that we now 
consider the space T''-^M, not T'^'^-^M. The latter is the space of the Cauchy data; whilst the former is the 
space of data for the boundary problem, that is if two close enough points in T^~^Ai are fixed, there exists 
a unique extremal curve which can be lifted to connect them. Let rui be the point obtained by lifting mo to 
T'^'^AA using the natural parametrization of 7, where mo £ is a projection of m2 to Ai. Let us arbitrarily 
choose point e on 7 close to toi, where 7 is the mentioned lift of 7. Let e be chosen on the side of 7 opposite 
to the side to which 7712 is pointing. This is needed for the tangent vector to 7emi at mi to point to the same 
direction to which 7712 points. 

We now define a function a on some small neighbourhood U of mi in the following way. Let r be a point 
in U. Then there exists a unique extremal curve which connects e and r. So, let us define the value of function 
a in point r as simply the value of the action on this curve. That is, (T(r) = 5(7er), where 7er is this unique 
extremal curve which can be lifted to T'^-^M to end up in the points e and r. Now having defined in such a way 
the function a on U, we can consider its differential at the point mi, i.e. p = da\rm ■ Note that p G T;„^T''-^M. 

So, we define the Legendre transformation as follows: 

£(m2):=daU,. (4.1) 

Note that all points in T^''~^A4 which define one and the same extremal curve as the Cauchy data are 
mapped into one point by the Legendre transformation. Indeed, the only fact about the point in T^^~^M 
which was used in the construction is the (oriented) extremal curve it defines. 

Now we shall find the way to obtain explicit formulae for the Legendre transform. By the way, note that we 
have not shown so far that the Legendre transformation is well-defined. Indeed, it could in principle depend on 
the choice of e. However, the explicit formulae show that this is not the case and therefore the transformation 
is well-defined. 

Let us think of the above-mentioned curve 7 as a curve with ending points eo, mo respectively, where eo 
is the projection of e onto A4. For a while we consider an arbitrary parametrization on 7, i.e. 7 : [a, 6] —^ 
A4, 7(0) — Co, 7(6) = mo. The action on 7 is expressed as 



S(7) = J L{C!;^,^{^))dt, (4.2) 

a 

where C^jj-j(7) G T^^^^-^M. is the class of equivalence of the curve 7 in the point ^{t). In coordinates it is expressed 
as 

b 

S{l)^ I L(^\f,f,...,l^\dt. (4.3) 



Consider in coordinates on a small deviation from the curve 7 : the curve 7 + ft-, where h : [a, b] — + M", 

h{a) = 0, h{a) = 0, . . . , h =0. Let fx^x'^-^^, . . . ,x'j^2k~i)) coordinates on T A4. Let us write the 

variation of the action S: 

b 

ss = 5(7 + h)- 5(7) = f (l fy + h\f + h\f + h\..., 1^ + "h'\ - L (j\fn\ . . . , 7')) dt = 



dL d dL . ^,fc_i d'^-i dL 

irr- - 3T7r^ + ■ ■ ■ + (-1) 



dL d dL , _t-2 dL ^ 



c^-i)- dL 

h\b)^, (4.4) 



■^We implicitly assume here that the Lagrangian does not vanish on nonzero elements of T^Jvl. In this case the action can always 
be used as a parameter. If it is not the case, it can be used as a parameter locally. 



8 



where the derivative — being apphed to functions on T"^^ ^ is assumed to mean simply x]-. > -r— + x%y -^r— h 

dt ox^ ^ > ox'j^^ 

d 

All expressions on the rightmost side are assumed to be taken in the point C'^f^T^(7) G 



^7(b7^-^' class of equivalence of the arbitrary-parametrized curve 7 in the point rriQ. For more details on 
the formula (|4.4p see Section [A. 21 in the Appendix. 

Now we return to parametrization of 7 by the action and from the definition of the function a obtain the 
expression for its differential in point mi: 

( dL d dL , d^-^ dL \ ^ 

( dL d dL , _j;_2 '^^^'^ 



^ dx^^^ dt dx^^^ ^ • • • + ( 1) a^i^^ j ^^(1) + 



dL 



dx}k-i), (4.5) 



where now all the expressions are taken in the point C^~^ (7) G T^^AA: the class of equivalence of the 
action-parametrized curve 7 in the point rriQ. 

We see that the expression for da contains no dependence on the particular choice of e and therefore the 
Legendre transformation is well-defined. 

To express the formula of the Legendre transformation in terms of coordinates ^y*, v\iy • • ■ , V\2k-i)j 

initial point m2 £ T^^^^M we need to find the coordinates of C'^^^{'-)) first. Because the natural action- 
parametrization of 7 was considered, they are 

7'(M,f (4.6) 

where bo — S {jemi), i-e. 7 (60) — ™i- Now note that — — where L is taken at the corresponding point. 

ds L dt 

Denote L taken in this point as Lq, — as Lq, and so on. So, the coordinates of C^ig'^ij) become rewritten as 

All these coordinates are obtained by differentiation 

l^li^ li^y (4 8) 

Ldt Ldt" ' Ldt ' ' ^ ■ ^ 

and then taking the result at the corresponding point. 

Finally, the formula for the Legendre transformation is obtained by substituting this coordinates of the 
point C^i~^{j) into the expression of da\mi- Using the relations of the kind (|2.6p . (|2.10p (higher order Zer- 
melo conditions) for reparametrization invariant Lagrangian with k-th derivatives, one can extract factors of 
Lq, Lq, . . . from the arguments of the functions. To make this more transparent, we describe below in detail 
the construction for the case of the second derivatives. 

This construction can be thought of as being simply the generalization of the concepts of relativistic mechan- 
ics. The Legendre transformation maps a point in T'^''~^Ai to some covector from T'^~^Ai. The coordinates 
of this point in T*''~^A^ are analogous to the "four-velocities" of relativistic mechanics, as they are obtained as 
derivatives of the curve in the action parametrization, that is, the "proper time". The covector da\m.-i is simply 

dS 

the generalization and more formal notation of the definition of momentum — — used in relativistic mechanics 

dx 

(see [H]). 
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4.2 Hamilton field 

Because every 2k — 1-parametric family of points in T^^^^Ai which define the same extremal curve is mapped 
entirely to one point, the dimension of the image of the Legendre transformation is reduced by the factor of 
2fc — 1 from the value 2kn of the dimension of T'^^^^M. That is, 

dim {2,{T^^-^M)) = 2kn - {2k - 1), (4.9) 

which is an odd number. Therefore, the manifold P — £{T'^''^^Ai) C T*T^^^ M is an odd-dimensional 
submanifold. Note that V can be thought of as a bundle over T^'^M, and also as a bundle over AA. 

The bundle T*T^~^ M. as any cotangent bundle has the canonical symplectic structure. The restriction uj-p of 
the canonical symplectic two-form u to submanifold V is therefore differential two-form on an odd-dimensional 
manifold. As every non-degenerate differential two-form on an odd-dimensional manifold, w-p determines a 
direction in every point of P, i.e. some one-dimensional subspace of the tangent space (see Section |6] for more 
details). This subspace in point x G ^ is defined as the space of all vectors 77 G T-^V which satisfy the 
condition 

u)v{v) = 0- (4.10) 

Because uj-p is non-degenerate two-form on an odd-dimensional manifold, is exactly one-dimensional. 

The collection of this spaces V,^ over all V is called the Hamilton field. It is a field of directions, not a vector 
field, which is in agreement with reparametrization invariance. Because the projections of integral curves of 
this field to Ai are desired to be extremals of the action, one is not interested in their parametrization, and the 
field with unparametrized integral curves is a field of directions. 

We can write explicit formula for using the so-called generalized Namhu bracket (see Section in]). If G 

d 

is a nonzero vector, 77 — '7''^^; where ^ = {x,p) (x*, are coordinates on T*T'^^^A1), then the following 
holds: 

where the bracket is the generalized Nambu bracket between 2k functions. See Section [5] for derivation of the 
(|4.1ip and for more details on the subject. 

Now let us prove that the problem of finding extremals of the action is transformed to the problem of finding 
integral curves, as was desired. 

First we shall see that for every curve 7 in A4 



5(7) = j 9v. (4.12) 

7-p 

Here 775 is a curve in V . This curve is obtained by lifting 7 to T^^~^Ai via introduction of some parametrization, 
and then performing the Legendre transformation. Note that the image under the Legendre transformation does 
not depend on the choice of parametrization, as it follows from what we have discussed earlier. Recall that 
P is a bundle over T^~^M and note that the projection of 7p to T^~'^M. is the curve 7, exactly the action- 
parametrized lift of 7 to T^^'^Ai. The differential one-form 0-p is the restrtiction of the canonical one-form 6 
from T*T''-^M to V. 

Note that by definition of the canonical one-form, in the point (mi,p) e V, where mi G T^^^AA, p G 
T^^T''-^A4, the following relation holds: 

0^i„,,,p){v)^pi7T'vm, (4.13) 

where 77 G Tj^^ pjT', and tt^ G llom{T(^„^^ p-jV,T,n^T''^^Ai) is the derivative of the map n-p of projection from 
VtoT^-^M. 

Let us introduce some parametrization on 7^ and, therefore, parametrization on 7. Thus, one has 7-p : 
[a, h] ^ V and 7 : [a, h] T''^^A4. Recall the definition of the integral of one-form over the curve: 



/ 



b 

9p= f 9v{jp{t))dt, (4.14) 



7-p a 



where 773 (t) is the tangent vector to j-p in the point ^p{t). Note that 7rp(7p(t)) = ^{t) because 7 is the 
projection of 775. 
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Recall from the definition of the Legendre transformation that the point jvit) is really the pair {^{t), da\^(^t)^ 
where da\y(t) G T-^^^.T'^^^ M. is the differential of the function a described in the previous subsection. Note 
that because this differential does not depend on the choice of starting point e, without loss of generality we 
can take the point e to be 7(a). Then all points of 775 are obtained using the same function a. Recalling the 
definition of the canonical one-form one then has 

ev{iv{t)) = da\^(t) (^(t)) . (4.15) 

However the integral of the differential of some function along some curve is simply the difference in the values 
of that function in the endpoints: 

b 

J (^(t)) dt^ Jda = a (7(6)) - a (7(a)) . (4.16) 

a ^ 

From our definition of a one has 17(7(0)) — 0, (7(7(6)) = '5'(7). Therefore one finally obtains the desired 
equality 




7-p 

So it follows that the extremals of the action integral on manifold A4 are projections of the extremals of 
integral of the restriction of the canonical one- form to the manifold V. Consider a deviation from the curve 773, 
the curve 7^. The increment of integral of the canonical one- form 

j Or- j 0v (4.17) 

is equal to the symplectic area of the surface connecting the curves 7p, 7^ and therefore is an infinitesimal of 
order higher than the difference between 7-p and 7^ in the case when 7-p is an integral line of null-directions of 
Lo-p (it follows from the Stokes formula). For more details on symplectic geometry see, for example, [S]. 

Hence, the integral lines of null-directions of oj-p are extremals of integral of and therefore project to 
extremals of the action on AA . 



5 Construction for systems with the second order Lagrangian 

Let us consider the reparametrization invariant action with second-order derivatives 



6 

S= ( L{f,f,f)dt. (5.1) 



The Euler-Lagrange equations are 

dL d f dL d dL 



dx^ dt V dv^ dt dw^ 



= 0, (5.2) 



where (x*, w*, w*) are coordinates on T^M, 7W is a configuration manifold. 

These are differential equations of order four, which solutions are extremals of functional (|5.ip . Let us fix 
some point to e A^. To choose the only extremal curve passing through m, one needs to define values of the 
first, second and third derivatives at this point. That is, Tf^AA is the space of the initial conditions for the 
Cauchy problem at the point m (the definition of T^Ai see in Section [52]) ■ 

Let TO2 be a point in Tf^-^M, then this point uniquely determines the extremal curve passing through m. 
However for every point (xq, fo, wq, uo) G T^A4 there is a 3-parametric family of the initial conditions for the 
Cauchy problem, every point of which determines the same extremal: 

(xq, avl, a^wl+f3vQ, a^u^ + 3al3wl + jVq), (5.3) 

where a > 0, /9, 7 are arbitrary parameters (it is explained in Appendix lA.ll why the family has exactly this 
form). Thereby, one wants to define some space Vm over to. There should be, roughly speaking, a one-to-one 
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correspondence between all the extremal curves passing through the point m in A4 and all the points in Vm 
projecting to m. In other words, we make a transition from T^Ai to Vm- For this reason one constructs the 
map 

£ : T^M -> T*TM, (5.4) 
where T^M = U T,l^M, V = U Vm, P = £,{T^M); £ is the Legendrc transformation, P is a phase 
bundle. 

Let us fix a point m2 G T^A4. Let mo be the projection of the point m2 to Ai, and 7 be an extremal curve 
on Ai, corresponding to m2 as the solution to the Euler-Lagrange equations with Cauchy data given by the 
point 7712. Note that on every curve we have one distinguished parametrization: parametrization by the action 
along that curve. Then let 7 be the lift of 7 to TA4 obtained with this action parametrization on 7. The point 
Too G 7 lifts this way to some point mi e TAi. Note that the space TA4 can be understood as the space of 
data for the boundary problem to the Euler-Lagrange equations. 

We now define a function a on some small neighbourhood U of toi in the following way. Let r be a point in 
U. Then there exists a unique extremal curve which connects e and r. Thus, let us define the value of function 
a in point r as simply the value of the action on this curve. That is, a{r) = S{'yer), where 7er is this unique 
extremal curve which can be lifted to TA4 to end up in the points e and r. Now having defined in such a way 
the function a on U, one can consider its differential at the point toi, i.e. p — da\mi- Note that p 6 T^^TAd. 

Thus, one defines the Legendre transformation as follows: 

£(7712) := da\rm- (5.5) 

All points of the family (|5.3p are mapped to the only point. Indeed, all points of this family determine the 
same extremal curve, therefore, from the definition of the function a one obtains that the value of the differential 
da does not depend on the points of the family. 

Let us write down explicit formulae for the Legendre transformation. 

For a while we consider an arbitrary parametrization on 7. One can think of the curve 7 as a curve with 
ending points eo and too respectively, where eg is the projection of e onto A4. Let 7 + ft- be a small deviation 
from 7, then we introduce some parametrization on 7 and h] 7 : [a, b] — > Ai, 7(a) = eo, ^{b) = too, h : [a, b] — > 
M", h{a) = 0, h{a) = 0. Now let us consider the variation of the action S: 

- ^ ... . . - s« . (||,v,«., - (lH) ,) ... . H,.,.,.,..,., 



d 

The derivative — here means simply 
at 



— ^ + ^ + ^ (5 7) 

dt dx^ dv^ dw"^ 

Hence, due to the definition of a one has 

d-U. - {^AClJl)) - (1^) [CUl))) dx^ + ^AClMdv\ (5.8) 

where C^jj(7) S T^j^^A4, Cf-^g{'y) e T^i^Ad are classes of equivalence of the action-parametrized curve 7 in the 
d dL 

point Too. — — — r depends on a point in Ai because of the term entering the formula (15.71) . We see 
dt ow^ . 

that the expression for da contains no dependence on the particular choice of e and therefore the Legendre 
transformation is well-defined. 

The coordinates of (^^^3(7) = C'.iJ(bo) "^^^^^ bo = S (7) (i.e. 7 (60) = '^o), are 

7^(60), ^{bo), ^(bo), ^ibo)) , (5.9) 



ds ' ds"^ ' ds^ 

where s is the action parameter along 7, and the coordinates of C'^^{'y), are, correspondingly, 



f (M,-j^(M,-77^(M)- (5.10) 
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Therefore, da takes the following form 



ow \ as cls'^ 



d'y 1 d'y '~i 

Now note that —r — ~r~r — ~r-: where L is taken at the corresponding point. Denote L taken in this point 
as L dt L 

as Lq, — as Lq, —pr as Lq. Thus, the coordinates of C,^|^(7) become rewritten as 



m, ^ - ^m, ^7'(6) - 3^^f (6) + 3^1 - ^ 1 m i . (5.12) 



Using the notation 

fib) = x^, f (6) = vi,, fib) = u;^, -fib) = ^.J,, 

we rewrite it as 

± <_ i^^r _ oLo^^ , (oiA - k\ A (5 I3) 

Finally, the formula for the Legcndre transformation is obtained by substituting of this coordinates of the point 
C2 (7(6)) into the expression of da\mi and da become rewritten as 

da\ - (—(x^ ^ <_kA^ 



Let us recall relation (|2.10p : 

Differentiating this relation with respect to one obtains 

ow^ ow 

that is 



a^-^^{x\av\a^w' + (3v') = a-— ix\v\w') , (5.15) 



^ = ■ (5.16) 



In the same way one can obtain 



dL_ 

dv'- 



^ ' \dt ow^ J ^ ' 

^ (11^) (^•'..'.»-,«'). (5.17) 

Using the following notation: 

1 . io 

a = — , li = -yg, 

one obtains 

— {£^^avl,a^^^^!5vl) = -—ix^^,vlM^), (5.18) 
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for arbitrary e. Hence, the expression for da takes the form 



Therefore, formula for the Legendre transformation takes in coordinates the foUowing form: 

n r i i i i\ ( i dL d dL dL 
£ : [x\ V , w , u ) ^ X , — , -— - -TTT^, L—- 

^ ' \ L ov^ dt ow^ ow^ 

where ah the expressions on the right side are taken in the point (a;*, w*, w*, u*). 

Due to dimension of T' = £ (T^Ai^ being equal to An — 3, one can define V by three equations 



^i{x\a\p^,s^) = 0, 

'^2ix\ a\p^, Si) = 0, 

^3{x\a\pi,Si) = 0, 



(5.19) 



(5.20) 



(5.21) 



(5.22) 



where [x^,a'^,pi, Si) are the coordinates on T*TM, for some functions $1, $2, ^3- There exists the symplectic 
non-degenerate canonically defined 2-form 



on T*T^M. 

- d . d d 

For the vector — — + a' + 7— 

ax^ oa^ op^ 



u) = dpi A dx^ + dsi A da* 



' = £^ — — from the null-direction of w on one has 



(5.23) 



^^-c{e^$l,<i>2,$3}, 



where {•,•,•,•} is the 4-fold generalized Nambu bracket and c is a constant (see Section [5]). 
Explicitly, the Hamilton equations therefore have the form 

X' = C $1} {$2, $3} + {x\ $2} {$3, *l} + {x\ $3} $2}) , 

d* = c $1} {$2, $3} + $2} {*3, $1} + {a\ $3} $2}) , 

P^ = c( {Pj, $1} {$2, $3} + fe, $2} {$3, *l} + $3} {$1, $2} ) , 

S, = c( {S„ $1} {$2, $3} + {S*, $2} {*3, $1} + {Sj, $3} $2} ), 

where {•, •} is simply the Poisson bracket. 
Example. Let us consider the Lagrangian 

{xy- ±yf 



(±2+2)2)5/2 • 

The Legendre transformation has the form: 

£ : {x,y,V:c,Vy,W:c,Wy,u^,Uy) ^ {x,y,a^,ay,p^,py,s^,Sy) , 

where 

(WxVy — VxWy)^ 
(WxVy — VxWyY 

-'iWxVyv'^Wy + GWxVyWy + 5W^VyVx " fi^ lOy — GVxWlVy — 2VyUxV'^ — 2VyUx + 2VyV^Uy + 2VyVxUy 



(5.24) 



(5.25) 

(5.26) 
(5.27) 
(5.28) 



(5.29) 



Px 



(«2+«2)7/2 
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— {Gw'^Vyv'^ + w^Vy + AwxVyVxWy — Gv^WyWx — 5VxWyVy — 2vxUxVy — 2vxUxVy + 2VxUy + 2v'iuyv'^) 

ivi + v^y)y^ ' 

_ _2 {'"X Wy - Vy Wx)^ Vy 

(VX^ + Vy^f ' 
_ 2 Wy — Vy Wx)^ Vx 

(Vx^ + Vy^f 

Therefore V can be determined by the system of the 3 equations 



PxVx + PyVy -1=0, 
2 2 

/" 2 I 2\5 ic^^^a n 

[vx+vy) -16— =0. 



(5.30) 



Let us denote SxVx + SyVy by "l>i, PxVx +PyVy — 1 by $2, {vx + ""y)^ ~ 16 ^^"^ by <1>3. In these terms the Hamilton 

Sx^y 

field is determined by the Nambu bracket 

r =C{C^$1,'1>2,'1>3}, (5.31) 
where stands for one of the Hamilton field components. That is, the Hamilton equations take the following form: 



x = ax \ (10 [a^ + fly^)" ax - 32 """"^ 



1/ = ay ( (10 [ax'' + OLy^S^ ax - 32 



ffli: + 10 (a; 



2 , 2\4 „„ ax ay \ ax ay 

E +ay ) ay -32 ^ j ay - 64 



^ ax + ^10 [ax^ + ay^) 



2 \ 22 

2^4 Oa: Oy \ flj; Oy 



22 22\ 22 ( n n \ 

• I 09 pa: Q-x Qa: 1 1 "^O Qa: O-y {."Vx O-x ~ Py O-y } 



Px = 

Py = 



2 2 

5 ( 32 '^^ + 32 ^ 



'3; ^ Sy 



10 [ax + tty ) ttx - 32 — - — 



2 \ 22 

2\4 00 1 "a 

ay - 32 — - — ?- By - 64 — -— V 



+ 



( -10 [ax^ + ay^)"* a.x + 32 ^ ] {~px ax ~ Py Uy) , 

\ Sx Sy J 



32 + 32 ■ 



3 2 



Py 



10 (a^: + a.. 



Sx S' 
2\4 



2^3 

y 



ax — S2 ■ 



ax + ^10 (ax^ + ay^)^ ay 



32- 



2 „ 2 

c Ay 



&-64- 



2 e 2 
I Ay 



+ 



+ 



^—10 [ax^ + ay^)'^ ay 



. ot-i ax ay 1 , , 
+ 32 2 2 ) V-P^ - Py a-y) ■ 

Sx Sy 



6 Symplectic form null-vectors and the generalized Nambu bracket 



In this section we show that the nuU-vectors of the restriction of the symplectic form to an odd-dimensional 
submanifold are determined by the generalized Nambu bracket (for the definition of it see [TUl lllj ). 

Consider a 2rt-dimensional symplectic manifold M with symplectic two-form uj (in this paper it is used for 
TV — T*T''~^Ai with canonically defined uj). Let V C J\f he a. 2n — {2k — l)-dimensional submanifold, for some 
fc < n (in this paper, again, the results of this section are used in the case of V being the phase bundle, i.e. the 
image of the Legendre transformation) . 
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Let us see that the restriction uj-p oi lo io V defines in every point of "P a distinguished direction, i.e. a 
one-dimensional subspace of the tangent space. Because is a non-degenerate differential two-form then w-p 
is also non-degenerate. However, a non-degenerate skew-symmetric two-form on an odd-dimensional space has 
the canonical form 

■ ~E Q\ 

E , (6.1) 
/ 

where E is an (n — k) x {n — k) identity matrix, if the dimension of V is 2n — {2k — 1). Therefore, in every point 
m of V there is a distinguished one-dimensional subspace of TmV where uj-p vanishes. 

Because P is a 2n — {2k — l)-dimensional submanifold of Af it can be defined through a system of equations 

$1=0, 

$2 = 0, 

(6.2) 

*2fc-l = 0, 

for some 2fc — 1 smooth functions $i, . . . , $2fc-i- 

Note that the symplectic two- form ui defines a correspondence between TAf and T*M via ^ t-^ w(^) for 
^ £ TAf. Because lo is non-degenerate it is a one-to-one correspondence. Therefore we can map vectors from 
TAf and their tensorial powers to covectors in T*Af and their tensorial powers correspondingly, and vice versa. 

Consider the fc-th exterior power of the symplectic two-form uj: the 2fc-form uj^'^ G Vl^^Af — K'^^T*Af. Its 
image in h?^TAf via the above-mentioned map is given by 

TTfc (Cl, . . . , C2fc) "^^^ UJ^^{tT (Cl) , . . . , TT (c2fe) ) , (6.3) 

where Ci are arbitrary covectors, and vr G h?TAf is the inverse of w. 

Now we will show that the vector tt^ . . . , d$2fc-i) taken in some point m € V spans the mentioned 

one-dimensional distinguished subspace. It is really a vector because if one substitutes 2k — 1 covectors into an 
element of K^^TAf, one obtains a vector, i.e. an element of TAf. Due to oj being non-degenerate and therefore 
TTfc being non-degenerate and d<^i being independent, it is nonzero. How can we check that tt^ . . . , d'^2k-i) 

is really the desired vector? First, it shall be tangent to V, that is functions d^i for all i shall vanish on it. It 
is clear, because 

d$,(7rfc(d$i,...,d$2fc-i)) =7rfc(d$i,...,d$2fc-i,d$») =0 (6.4) 

due to skew-symmetricity of tt/j. Second, the restriction uj-p of w to shall vanish on it, that is the result of 
applying uj to it shall be a linear combination of d^i. Let ^ be a vector. Then 

u) (TTfc (d$i, . . . , d$2fc-i) , = 7rfc(d$i, . . . , d$2fc-i, w (C) ) = (^7r(d$i) , . . . , 7r(d$2fc-i) , 7r(w {£_) ) 

= lo'"' {t: (d$i) ,...,Tr (d$2fc-i) , C) ■ (6.5) 

The last expression is the sum of terms of the form lo (tt (d$i) , ^) with some coefficients independent on ^. Note 
that Lo{Tr {d^i) = lo{^k {d^i) ) (^) = d^i (^). Hence Lo[nk (<i$i, . . • , (i$2fc-i) ) is a linear combination of d^i. 
The tensor TTfc defines a 2fc-fold bracket on functions on TV in the following way: 

{/l, • ■ • , f2k} TTfc (d/i, . . . , d/2fc) . (6.6) 

Because tt^ was obtained from lu'^^ we have for the bracket 

{/i, ■ • • , /2fc} = ^ — |;;;^j^{/(Ti- /era} ■ ■ • {/<T2fc-i J /o-2fc }: (6-7) 

permutations a of (1..2fc) 

where {•,•} is the standard Poisson bracket induced by lo. This exactly coincides with the definition of the 
sub-maximal generalized Nambu bracket (see formula (8) of Section 2.2 in pi]). 

d_ 

expressed as 

4 =c{Cp,*i,...,*2fe-i}, (6.8) 



Therefore, if the distinguished vector has the form Cai"H7^ ^'^^ coordinates on A/", then its components are 



where c is a constant, common to all and {•,...,•} is the 2fc-fold generalized Nambu bracket. 

2k 
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7 Conclusion 



In this paper the Hamiltonian formalism for reparametrization invariant systems with k-th order derivatives is 
constructed. The main point is that we choose a distinguished parametrization: the parametrization by the 
action along the curve. If one uses this fact, a well-defined Lcgcndre transformation £ : T'^'^~^Ai T*T^~^M 
can be constructed. Its image is some submanifold V C T*T'^~^M. (phase bundle). It happens to always be an 
odd-dimensional manifold, from which fact arises a direction field (the Hamilton field) defined on V. Integral 
curves of this field are projected into extremal curves on the configuration manifold. For every fixed k one can 
write the Hamilton equations which are equivalent to the Lagrange equations. 

Note that it has a physical interpretation. Legendre transformation is a transition from the formalism of 
"coordinate- velocity" to the formalism of "coordinate-momentum". Our coordinate and momentum formulae 
resemble the relativistic formulae for coordinate and momentum. It happens due to relativistic mechanics being 
a reparametrization invariant theory. 

However many questions remain to be answered. How can one use achievements of the Nambu mechanics in 
this formalism? What does quantization mean in the terms of this formalism? How formalism changes if one 
maps surfaces instead of curves into configuration manifold? How does it connect with field theory and string 
theory? It would be interesting to investigate these topics. 
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A Appendix 

A.l Three-parametric family of points in T^M. corresponding to the same ex- 
tremal curve 

Let us replace the curve parameter t by /(i), where / is an arbitrary differentiable function, then 



X 



1 




X t-^ 





Since / is an arbitrary differentiable function, one can denote 



a := 



1 



/3:=- 



mf ■ mf f{to) 



fito) ^ Jitof 7 {to) 
Q , 7 := o- 5- : 7 



4 ' 



fito) 



where to is the value of the parameter t at the xo- Therefore, replacing 1 1— > f{t) one obtains 



{x\ x\ x\ x*) (.X*, ax\ a^x^+0, a^x^ + ^a0+^x''). 



(A.l) 



Thus, if one can arbitrarily change parameter t one has the 3-parametric family. 
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A. 2 Variation of the action 



Here we derive the formula for the variation of the action which is used in Section [4. II We work in the notation 
introduced there. 



6S = Sij + h)-Sij) = J l^L l^-f^ + h\f + h\f + h\ . . . , 7' + ] - L . . . , 1' ] ]dt. (A.2) 

a 

Keeping only first order terms in h and its derivatives one obtains 
Integrating aU terms in the integrand but the first by parts we obtain 

\ b 

(k) 

(fc-i) 

Note that because h{a) = 0, h(a) = 0, . . . , h =0, half of the boundary terms vanishes. That is, the 
expression may be rewritten as 

<55 = /i^(6)^(^f (6),...,7M6)) (6)^ (^7^(5),..., 7' (6)) +••• + 

Repeating this integration by parts starting from the third term in the integrand and so on, one finally 
obtains 

,o ( dL d dL , d^-^ dL \ 



dL d dL , ,.k-2d''-'^ dL \ ^''-'\n^ dL 



d^\2) dtdxl^^ dt^ ^dxl^J dx'l^^ 

+ +{-if — -^L\dt (A 6) 

\dx^ dt dx^f^^^ dt"^ dx^f2) '^^'^ ^^(fc) / ' 

/ . (fc). 

where in the expressions which are not in the integrand all derivatives of L are taken in the point 7* (5) , . . . , 7 ' (6) 

d d d d 
and we assume — = x),-,— — r + x)^-, — — ■. !-•■• + x)„, — — ■. . Recall now that the well-known formula for 

dt (i)(9a;* '^^^dx\^^ ^ ^2:*(2fc-2) 

the Euler-Lagrange equations for systems with higher derivatives has the form 

dL d dL d^ dL fcd'^ -0 

9? ~ Jtdx),, ^dH^dx' ' dt^dxl,, ^ ^ ■ ' 

(1) (2) (fc) 
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which coincides with the integrand in (|A.6[) . Therefore the integral vanishes and we obtain the final formula 
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